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Abstract

Evacuation problems can be modeled in flow dynamic networks. Several variants of these networks are explored in the literature
to address several issues, among them maximum dynamic flow, quickest dynamic flow, universal maximum flow, lexicographic
maximum dynamic flow. Hoppe and Tardos [22] implemented a polynomial time algorithms for solving some problems of
dynamic flows including the lexicographic maximum dynamic flow. They developed an algorithm based on the minimum cost
flow computations with a complexity equals to O[k(m′l og n′)(m′+n′log m′)], where k is the number of sources, n′ and m′ are
successively the number of nodes and the number of arcs in the time-expanded graph. In this latter n′ is equal to T×n (n is the
number of nodes in the static graph), while m′ cannot be computed since it depends on constant travel time on arcs. We propose
here a polynomial time algorithm based on push-relabel algorithm [18] for solving the lexicographic maximum flow problem
at each discrete time step (time slot). The minimum number of time slots required for the evacuation process is provided. The
discrete time step can be large here unlike the one of the time-expanded network since the time on roads depends on flow. The

complexity of our algorithm can be estimated as between O[
k∑

i=1

i 2

k2 nmlog( i
k

n2

m )] and O[k(nmlog( n2

m )], where k is the number of

sources, n and m are successively the number of nodes and the number of arcs in the static graph. This complexity is performed
using a dynamic tree data structure [28]. Moreover we show in this paper the importance of the lexicographic evacuation in order
to ensure a non-preemption building evacuation and to minimize the time intervals during which a building is evacuated.
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1. Introduction

Dynamic networks can model evacuation of buildings
exposed to risk i.e. fire, flood, hurricane, etc. A dynamic
network also called flows over time is defined by a directed
graph G = (N ,A ) that contains a set of nodes source Nb that
holds a supplies, a set of nodes destination Ns that holds a
demands and a set of nodes network Nt that holds nothing. An
evacuation horizon time T is defined i.e. no flow can leave its
source if its last particle does not reach its destination before
T. Minieka [25] introduced the problem of the lexicographic
dynamic flow in the network and proved that this flow exists
in a static network. Given a set of sources {s1, . . . , sk }, he
showed that the amount of flow incoming from the set of
sources Si = {s1, . . . , si } is simultaneously maximum for every
i . Hamacher and Tufekci [21] addressed the evacuation of
a building as a lexicographic min cost flow problem. Their
objective is to minimize the total evacuation time, i.e. the time
the last person leaves the building in danger. They proposed
an algorithm based on the time-expanded network introduced
by Ford-Fulkerson [14] with flow-independent travel time and
constant capacity of network roads. The strategy followed in
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their algorithm is to evacuate the sources (that are a parts of
the building) which have a high priorities to another sources
having a low priorities i.e. an evacuation of a source si means
that their occupants leave and go into a source s j , j > i ,
or leave the building. They prove the utility of this strategy
in the event of a fire inside a building where the different
parts of the building will be burned successively starting from
the venue of the fire (see also [19]). Hoppe and Tardos [22]
implemented a polynomial time algorithms based on the
time-expanded graph for solving some problems of dynamic
flows among them the lexicographic maximum dynamic flow.
They proposed an algorithm based on the minimum cost flow
computations using flow-independent transit time as cost. A
supersource s and a supersink p are created and an arc ps
with transit time −(T + 1) is also created. A zero transit time
is assigned to the arc ssi for every 1 ≤ i ≤ k. The algorithm
proposed starts by computing a minimum cost circulation
then the rest of this algorithm consists of k iterations indexed
in descending fashion by deleting at each iteration 0 ≤ i ≤
k −1 the arc (ssi+1). More details about this algorithm in [22].
Kamiyama and Katoh [23] introduced the lexicographically
maximum flow problem with hierarchies, a generalization of
classical lexicographically maximum flow, and developed a
polynomial-time algorithm for solving this problem.

Lim et al. [24] developed a flow scheduling/optimization
approach using the time-expanded network. An evacuation
priorities list is established by assigning a vulnerability degree
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for each region exposed to risk. In other words, all buildings
in the same area or region have the same vulnerability level.
To overcome the huge size of the time-expanded network
and especially in case of a mass evacuation, the authors
developed a greedy heuristic approach for maximizing and
scheduling flow at each time slot. The Dijkstra’s algorithm
[9] is used for finding the evacuation routes. The travel times
on road links are independent of the flows on these arcs
and therefore are estimated based on the peak rush hour
travel time on a major highway [24]. Saadatsresht et al. [27]
developed a multiobjective algorithm based on the Pareto
front for constructing an efficient evacuation network. Their
approach is based on three step : the selection of safe areas,
the assignment of optimal safe area to each building block
and finally the computation of optimal path between each
building block and candidate safe area. That approach, as the
authors mentioned, requires further development in order
to take into consideration the traffic situation in the network
over time. In other words it requires an evacuation scheduling
model for the evacuee groups based on a prioritization system.
Bretschneider and Kimms [6] developed a mixed-integer
heuristic for reorganizing the traffic routing in the case of an
evacuation, such that the people leaves the dangerous area
as early as possible. The time-expanded network is used in
order to describe the network at different points of time. That
approach includes two stages, the first one treats the traffic
in the network without taking into consideration the detailed
modeling of the intersections. And the second stage, which is
based on the first one, takes into account every entrance/exit
of the intersections and all possible turnings within the
intersections [6]. The evacuation process is not subjected
to a prioritization system. The developed approach is based
on the dynamic minimum cost flow problem which aims to
minimize the total clearance time. Stepanov and Smith [29]
considered an integer traffic assignment model for meeting
several objectives : minimizing the total clearance time, total
distance and traffic-jams. From several candidate paths, the
linear program aims, under the announced objectives, to
find one evacuation egress route for each origin. To manage
network traffic, a road link is modeled as a queuing service
facility with several physical characteristics such that the
vehicles enter the evacuation network according to Markovian
Process, there is no waiting space i.e. as soon as a vehicle
enters the arc it starts obtaining the service, and others.

After synthesizing the literature on the modeling of
evacuation problem, we present in this paper a new dynamic
lexicographic maximum flow algorithm based on push-relabel
algorithm. Before presenting the reformulation of problem
we discuss briefly continuous and discrete time, also the
aspect of flow-dependent transit time. Then we propose an
efficient evacuation algorithm which enables to maximize
lexicographically the flow in the network, to ensure a
non-preemption building evacuation and to minimize the
time intervals during which a building is evacuated. The transit
times on roads are dependent on flows that cross these roads.
An experimentation section is provided at the end of this paper.

2. Dynamic flows

Two aspects distinguish the dynamic flow from static one.
Firstly, the dynamic flow varies on arcs over time ; secondly,
it does not spread instantly across the network, but requires
some time to travel through each arc.

Flows over time traditionally is solved by a time-expanded
network, introduced by Ford and Fulkerson (1958), that
contains a copy of the original network (static network) for
each discrete time step t ∈ {0,1, . . . ,T −1}. Given a static graph
G = (N, A), a time-expanded graph GT−1 = (NT−1, AT−1) can be
constructed and the dynamic maximum flow problem during
the period T is a classical problem of the maximum flow from
source s(0) to destination p(T−1) [12].

Another variant of dynamic flow network, introduced also
by Ford and Fulkerson, is the flow temporally repeated that is
based on maximum flow minimum cost in a static network. A
decomposition paths algorithm is used [8] and the idea is to
send flow via each path pi at every t ∈ {0,1, . . . ,T − 1−τ(p i )},
where τ(p i ) corresponds to the total travel time on the path pi .
Many authors addressed the flows over time problem offering
different efficient approaches for different problems (dynamic
maximum flow [16, 15, 12], universal dynamic maximum
flow [17, 22, 25, 30, 22, 10, 26, 13], quickest dynamic flows
[11, 7, 5, 22], lexicographic dynamic maximum flow [25, 20,
21, 22]). It’s well known that any multi-sources problem can
be transformed into a single source problem by creating a
super-source but this transformation does not hold valid here
in the dynamic flow model i.e. the flow temporally repeated
algorithm computes for every source an amount of flow that
can be circulated in the network at each time step but it’s not at
all sure that all sources will have a positive amount, this is first,
and secondly a small source in terms of number of vehicles
to be evacuated will success to evacuate all its vehicles in a
shorter time. In other words a place in evacuation network
is reserved for this source during the horizon time while this
source needs a little time only.

Here in this paper we will study the flows over time
from scheduling side where at each time slot θ we evacuate
from sources (buildings) by priority order the lexicographic
maximum number of vehicles. The minimum number of
time slots required for evacuation is provided and we show
the importance of the lexicographic evacuation in order to
firstly, ensure a non-preemption building evacuation, and
secondly, minimize the time intervals during which a building
is evacuated. We assume the existence of a traffic model
(Greenshield’s model, polynomial model, etc.) for computing
the flow-dependent travel time on arcs. Moreover, being the
sources from which the flows incoming change over time, as
we will show, a vehicles pursuit model is required in order
to avoid any overlap in the network. In other words that
model which traces the paths of vehicles aims to compute
the earliest departure times of each building while preventing
any traffic-jams to occur in the network. This model is also
assumed existing in order to simplify this paper (see [1]). Our
model 1 computes and provides the total evacuation time Te .

1. This paper is a part of STOM (A Spatio-Temporel Optimization Model for
the evacuation of people exposed to natural disasters) model developed in the
project ACCELL funded by Région Centre and FEDER, France
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3. Graph construction

Let us consider a set B of n buildings to be evacuated, each
building Bi , i ∈ {1, . . . ,n} is defined by its number of residents
pi and a number of vehicles vi to be evacuated computed from
pi . A set S of m shelters is defined. Each shelter S j , j ∈ {1, . . . ,m}
is defined by its capacity of vehicles c j . Each building Bi is
associated to one or more shelters and we denote by H i the set
of shelters assigned to Bi and by vi , j and ηi , j successively, the
number of vehicles to be evacuated and the dimension of the
set of paths Ki , j from Bi to S j ∈ H i . Finally a transportation
network among buildings and shelters is considered. Let G =
(N ,A ) be the graph representing the network. As previously
mentioned, network nodes set N is decomposed into three
different sets, set of building nodes Nb , shelter nodes Ns

and crossing nodes only Nc . We define φ̂l , l ∈ A, the capacity
(maximal flow rate) of the road link l expressed in vehicles per
unit of time (veh/h, etc.). Moreover the problem of multiple
arcs between two nodes (u, v) is solved by creating for each
multiple arc a virtual new node w and two virtual new arcs
(u, w) and (w, v). Also the problem of reverse arcs is solved
by the same principle. Capacity or maximal flow rate of each
network arc is computed by a polynomial traffic model such
as no congestion is allowed. We represent the k-th-path of
dimension q connecting Bi with S j by the vector of arcs
Ar ck

i , j =(e, . . . l , . . . y) ∈ A q . As the graph G corresponds to the

specific paths hat have been determined among buildings and
shelters, then the next equality can be proved evidently :

∪n
i=1 ∪S j ∈H i ∪

ηi , j

k=1Ar ck
i , j =A (1)

We define a new graph G∗ = (N ∗,A ∗) extended from G

and which includes in addition to N and A , two virtual

nodes {s, p}, a sub-set of virtual nodes M of dimension
n∑

i=1
|H i |

including one node M j ,i by each safety point S j associated to
each building Bi , a sub-set of virtual arcs between s and M
which represent the maximum numbers of vehicles that may
be evacuated from buildings to safety points, a sub-set of arcs
of dimension ηi , j between each node M j ,i ∈ M and Bi , and
finally a sub-set of virtual arcs among shelters and p which
represent the capacities of shelters in terms of vehicles.

The sub-set of arcs between s and M is built in a manner
that each shelter S j ∈ H i associated to Bi , i ∈ {1, . . . ,n},
has a virtual arc, this is the arc between s and M j ,i . The
weight (capacity) given for the arc (s,M j ,i ) is the maximum
number that may be evacuated from building Bi to shelter
S j associated. This weight is the minimum value between ri , j

(remaining vehicles to be evacuated from Bi to S j ) and K̂i , j

(the capacity of paths connecting Bi with S j ) (see the first
procedure in algorithm 2, page 7).

In the new graph G∗, M is necessary firstly to define the
maximum number of vehicles that may be evacuated from
buildings at each time slot and secondly to know the number
of vehicles evacuated on paths connecting buildings to shelters
associated. The figure 1 (cases 1, 2 and 3) shows the need of
virtual nodes (s and p) and the set of nodes M while the figure 2
illustrates the new graph G∗. It should be noted that in the
figure 2 the weights on the arcs (s,M j ,i ) correspond to capacity,
while those on the edges (M j ,i ,Bi ) correspond to the flow.

S js pBi

50

100 7050 50

a: Case 1
Arc (s, Bi ) is necessary in order to restrict the maximum
number of vehicles that may be evacuated from Bi to S j .
Absence of this arc leads to evacuate 70 vehicles (capacity
of path) from Bi . For S j , an arc (S j , p) is necessary for
respecting the capacity of S j . It should be noted that the
capacity of each shelter is respected during the assignment
phase of shelters to buildings and therefore the capacities of
shelters used here are in order to limit the appearance of a
problem of non-compliance to initial destinations (recurring
problem in some algorithms). These capacities are varying
with time - depending on the maximum number of vehicles
that may be evacuated from buildings.

S js pBi

50 10
0 70

100 7050 50

b: Case 2
The arc (s, Bi ) is not sufficient in case of presence of several
paths between a building and a shelter and especially when the
first arcs of these paths are identical. In this case it is difficult to
recognize the amount of vehicles evacuated on each path.

S jM j ,is pBi

5050

50
10

0 70

100 7050 50

c: Case 3

FIGURE 1: Graph construction

4. Problem formulation

An evacuation plan is intended to assign for each building
the departure times and the evacuation routes to be taken.
It is based on the definition of two pairs of concepts (time
slot, flow) and (time interval, flow rate). The first pair is built
chronologically from a priorities list by evacuating at each
time slot the maximal number of vehicles from each eligible
building. A building is called eligible if it has the highest
priority and is not completely evacuated. In a complementary
way, the second pair includes the departure and arrival times
computed based on the determined flow in the network.
In this paper, we focus on the first pair of concept (time slot,
flow) by addressing the following objectives :

– Maximization of flow at each time slot
– Compliance with evacuation priorities list established
– Observance to evacuation paths predetermined
– Compliance to evacuation destinations
– Minimization of number of evacuation time slots for each

building
– Sequence of evacuation time slots of each building

(non-preemption)
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FIGURE 2: Graph G∗ = (N ∗,A ∗)

Notation :
• i : an index for buildings (population sources) Bi

• vi : number of vehicles of Bi

• j : an index for shelters (destinations) S j

• c j : capacity of S j

• k : an index for k-th best path
• θ : an index for time slot
• φ̂θl : constant capacity of arc l at time slot θ

• φ̄l : variable capacity of arc l at time slot θ
• l : road link (arc)
• φθl : flow on arc l coming from all buildings sharing this

arc at time slot θ
• −→
φθ

l : flow on arc l coming from some buildings (⊆ all
buildings) sharing this arc at time slot θ

• M j ,i : Bi →S j (S j is assigned to Bi )

Decision variables :
• xi , j ,k,θ : number of vehicles evacuated from building Bi to

safety point S j using the k-th path connecting Bi and S j

at time slot θ
• φθv,z : number of vehicles crossing the road (v, z) at time

slot θ

Auxiliary variables :

• ei ,θ =




1 if Bi is effectively evacuated, completely
or partially, at time slot θ

0 otherwise

Parameters :

• βi , j =
{

1 if Bi is connected to S j

0 otherwise

• αi , j ,k,l =
{

1 if l ∈ Ar ck
i , j

0 otherwise

Constraints :

- Conservation of flows :

∀θ ∈ {1, . . . ,Θ},∀z ∈N ∗\{s, p},
∑

v∈pr ed(z)
Φθ

v,z =
∑

w∈succ(z)
Φθ

z,w

(2)
- Capacity on the arcs of network :

∀θ ∈ {1, . . . ,Θ},∀(v, z) ∈A ∗,Φθ
v,z ≤ Φ̂v,z (3)

- Shelters capacity :

∀ j ∈ {1, . . . ,m},
Θ∑

θ=1

n∑

i=1

ηi , j∑

k=1
xi , j ,k,θ = c j (4)

- Compliance to predetermined routes :

∀θ ∈ {1, . . . ,Θ},
n∑

i=1

∑

S j ∈H i

ηi , j∑

k=1
xi , j ,k,θ ·αi , j ,k,l =Φθ

l , ∀l ∈A (5)

The first objective function in this model is to minimize the
number of time slots Θ by maximizing the number of vehicles
evacuated at each time slot θ ∈ {1, . . . ,Θ}. This function can be
represented by :

Fv =
n∑

i=1

∑

S j ∈H i

ηi , j∑

k=1
xi , j ,k,θ (6)

5. Flow routing optimization

The first method developed here to meet the objectives
mentioned in the previous section involves a greedy heuristic.

5.0.1. Greedy algorithm

Given a priority list of buildings {B1, . . . ,Bn} to be evacuated,
this algorithm used to assign at each time slot θ, by order of
priority, the maximum number of vehicles from each building
Bi ∈ {B1, . . . ,Bn} not yet totally evacuated. The assignment
of flow from each building Bi is performed by order of paths
Ki , j linking Bi to S j . This flow is the minimum value between
the residual number of vehicles ri , j to be evacuated from Bi

to S j and the residual capacity of these paths (lines 11-24,
algorithm 2). At each time slot, the greedy algorithm starts
again from the first building Bi∗ (lines 25-27) not yet totally
evacuated at previous time slots. This algorithm stops (lines
33-35) when all vehicles from all buildings are already assigned
i.e. the sum of residual vehicles of buildings is equal zero.
This algorithm derives two main results : firstly the number
of time slots Θ and secondly the vector x = {xi , j ,k,θ/∀1 ≤ i ≤
n,∀R j ∈ H i ,∀1 ≤ k ≤ ηi , j ,∀1 ≤ θ ≤Θ}, where xi , j ,k,θ contains

the number of vehicles evacuated from Bi to S j through Ar ck
i , j

at time slot θ.
A sample evacuation network is given by the figure 3.

In this network we consider 4 buildings to be evacuated,
the priority list established is {B2,B1,B4,B3}. Being B4

must be evacuated to two shelters so an other level
of priority is established and the list can be seen as
{M1,2,M1,1,M1,4,M2,4,M2,3}. The input of this network is
given in figure 4.

The figure 5 shows the evacuation scheduling of the set
{B1,B2,B3,B4} using the greedy heuristic. The number of
time slots Θ for evacuating these buildings is equal to 3,
and for each time slot θ ∈ {1, . . . ,Θ} we know xi , j ,k,θ the
number of vehicles evacuated from Bi to S j through the route

Ar ck
i , j ,∀1 ≤ k ≤ ηi , j and a priori

ηi , j∑
k=1

xi , j ,k,θ the number of

vehicles evacuated from Bi to S j at that time slot, ∀1 ≤ i ≤
4,∀S j ∈H i .

Quite fast in its execution, the greedy algorithm does not
ensure the maximization of flow in the network. Its limit is
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a9 a10

a13
a14

a15

a16

a17
a 18

a19

a20

φ̂
S

1 ,p

φ̂S 2,p

FIGURE 3: Sample evacuation network G∗ = (N ∗,A ∗)

Ar c1
1,1 Ar c2

1,1 Ar c1
2,1 Ar c2

2,1 Ar c1
3,2 Ar c1

4,1 Ar c1
4,2

a1 a5 a8 a8 a13 a17 a17

a2 a6 a2 a9 a14 a18 a18

a13 a7 a3 a10 a15 a19 a15

a4 a4 a4 a11 a16 a20 a16

a12 a3

a4

TABLE 1: Paths between buildings and shelters

l Ll φ̂l l Ll φ̂l

(Km) (veh/ 1
4 h) (Km) (veh/ 1

4 h)

a1 1.5 500 a11 2 700

a2 1.4 350 a12 3 700

a3 1.2 350 a13 3 350

a4 1.3 700 a14 1 500

a5 3 350 a15 3 600

a6 1.4 500 a16 2 600

a7 2 500 a17 2 600

a8 3 500 a18 1.5 600

a9 2 350 a19 1 500

a10 1.7 350 a20 1 350

TABLE 2: Road links caracteristics

vi ,1

vi ,2

ηi ,1

ηi ,2

750
500

100
300

700
2

2

1
1

1

B
i

pi
vi

H
i

B
1

B
2

B
3

B
4

2250
1500

900
2400

750
500

300
800

S
1

S
1

S
2

S
1S

2

TABLE 3: Number of vehicles to be evacuated from buildings to shelters

FIGURE 4: Evacuation model input

attributed to the no use of a backward strategy i.e. once the flow is assigned it cannot be changed.
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Algorithm 1 Greedy heuristic

1: procedure ASSIGNMENT OF FLOW

2: Let {B1 , . . . ,Bn } the evacuation priorities list of buildings.
3: i∗ = 1
4: θ= 0 . Initialization of number of time slots

5: while i∗ ≤ n do
6: i = i∗, modif = f al se, θ= θ+1 . Opening of a new slot
7: while i ≤ n do
8: for S j ∈Hi do

9: ri , j = vi , j −
θ−1∑
θ1=1

ηi , j∑
k=1

xi , j ,k,θ1
. Residual number of vehicles

10: if ri , j > 0 then
11: for k = 1 to ηi , j do . Assignment of flow from Bi to S j
12: if ri , j > 0 then
13: r∗ = ri , j

14: if Minφ̂−φ(Ar ck
i , j )-ri , j >0 then

15: ri , j = 0 . Residual capacity of Ar ck
i , j is greater than ri , j

16: else
17: ri , j = ri , j - Minφ̂−φ(Ar ck

i , j )

18: end if
19: xi , j ,k,θ = r∗− ri , j . Assigned flow to path Ar ck

i , j at slot θ

20: for l ∈ Ar ck
i , j do

21: φθ
l
=φθ

l
+xi , j ,k,θ . Increase the flow crossing arc l at slot θ

22: end for
23: end if
24: end for
25: if ri , j > 0 and modif = f al se then
26: i∗ = i . First building not completely evacuated at slots {1, . . . ,θ}
27: modif = tr ue
28: end if
29: end if
30: end for
31: i = i +1
32: end while
33: if modif = f al se then . Stop condition
34: i∗ = i
35: end if
36: end while
37: end procedure

B1 : 750

B2 : 500

B3 : 300

B4 : 800

350 {x1,1,2,1 = 350, x1,1,1,2 = 350, x1,1,2,2 = 50}

500 {x2,1,1,1 = 350, x2,1,2,1 = 150}

{x3,2,1,2 = 300}

600
{x4,1,1,3 = 100}

{x4,2,1,1 = 600, x4,2,1,2 = 100}

η4,1∑
k=1

x4,1,k,1

η4,2∑
k=1

x4,2,k,1

400

300

100
100

θ

FIGURE 5: Evacuation scheduling using greedy algorithm

This algorithm seeks to evacuate people, to some extent,
fairly by the assignment of vehicles from each building to
the first path then to the second, etc. This fairness is the
consequence of the high probability to evacuate each building
on the first best path, then on the second one, etc.

5.0.2. Maximum flow approach

To fill the gap of the previous approach, namely
non-maximization of flow, the push-relabel algorithm that
maximizes the flow in the network between an origin and
a destination is used. This algorithm is integrated in a
transshipment approach which takes into account not only the
capacity of network, but in addition the number of vehicles
to be evacuated from origins and the safe points capacities.
At each time slot in this approach we activate only the arcs

corresponding to buildings not yet totally evacuated. The
capacity of each activated arc corresponds to the maximum
number of vehicles that may be evacuated from a building to
the associated safe point. This maximum number represented
in the graph (figure 2) by φ̂s,M j ,i is equal to the minimum

value between ri , j and K̂i , j the capacity of paths connecting
Bi to S j . Also the maximum number of vehicles that may
be evacuated through Ar ck

i , j (and which is represented by

φ̂k
M j ,i ,Bi

in the graph) is equal to the minimum value between

ri , j and Mi nφ̂Ar ck
i , j the capacity of k-th path (Lines 24-28).

The capacity of each shelter at each time slot corresponds to
the sum of the maximum numbers of vehicles that may be
evacuated (depending on network capacity) from all buildings
associated to this shelter (lines 30-32).

The transshipment approach as we will show (see tables 4
and 5) does not respect neither paths nor destinations.
It is therefore subjected simultaneously to the following
constraints :

– The number of vehicles to be evacuated from each
building is not necessarily equal to the remaining number
of vehicles of this building but takes the value of :

φ̂s,M j ,i = Mi n(ri , j , K̂i , j )

We shall see later (see table 4) this constraint does not
completely prevent the problem of non-compliance of
paths.

– At each time slot, we build a sub-graph containing only
paths of buildings not yet completely evacuated.

Gθ =∪n
i=1 ∪S j ∈H i ((∪ηi , j

k=1Ar ck
i , j )∗ (

È
ÌÌÌÌÌ

θ−1∑

θ
′ =1

ηi , j∑
k=1

x
i , j ,k,θ

′

vi , j

É
ÍÍÍÍÍ

)),

where (∪ηi , j

k=1Ar ck
i , j )∗0 = {;}.

This constraint ensures, in some extent, that each building
will be evacuated through its own minimum K-paths. The
step of constructing the sub-graph is not illustrated in the
algorithms for reasons of simplification.

– The capacity of each safe point is function of remaining
vehicles to be evacuated.

φ̂S j ,p =
n∑

i=1
φ̂s,M j ,i ∀Bi ∈ Bext ,S j ∈H i

where Bext ⊆ B is the set of buildings not yet completely
evacuated.

The push-relabel algorithm 2 is called at each time slot in
this approach. The result of this approach is the vector x =
{xi , j ,k,θ/1 ≤ i ≤ n,∀R j ∈ H i ,1 ≤ k ≤ ηi , j ,1 ≤ θ ≤ Θ} (Lines
36-43). This algorithm terminates (line 44) when all vehicles
from all buildings were all evacuated.

The figure 6 shows the evacuation scheduling of the set of
buildings {B1,B2,B3,B4} using the maximum flow approach.
The number of time slots Θ for evacuating these buildings is
reduced to 2. At each time slot θ ∈ {1, . . . ,Θ} we know xi , j ,k,θ =

2. http ://www.boost.org/
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Algorithm 2 Maximum flow approach

1: procedure CAPACITY OF K-BEST PATHS (I,J)
2: cφ̄l = φ̄l , ∀k ∈ {1, · · · ,ηi , j }, ∀l ∈ Ar ck

i , j . Copy the variable capacity

3: K̂i , j = 0 . Capacity of paths between Bi and S j initialized to zero
4: for k = 1 to ηi , j do . All roads that connect Bi to S j

5: y = Mi nφ̄Ar ck
i , j . Variable capacity of path Ar ck

i , j

6: K̂i , j = K̂i , j + y

7: for l ∈ Ar ck
i , j do

8: φ̄l = φ̄l − y . Remove the variable capacity of path Ar ck
i , j from all its arcs

9: end for
10: end for
11: φ̄l = cφ̄l , ∀k ∈ {1, · · · ,ηi , j }, ∀l ∈ Ar ck

i , j . Reset the variable capacity

12: end procedure

13: procedure MAXIMIZATION OF FLOW

14: Let {B1 , . . . ,Bn } the evacuation priority list of buildings
15: ri , j = vi , j
16: θ= 0 . Initialization of number of slots

17: repeat
18: θ= θ+1 . Opening a new slot

19: φ̄l = φ̂θl , ∀l ∈A . Copy the constant capacity

20: for i = 1 to n do
21: for S j ∈Hi do
22: if ri , j > 0 then

23: φ̂s,M j ,i
= Mi n{ri , j ,K̂i , j } . Compute the capacity of arc (s, M j ,i )

24: for k = 1 to ηi , j do

25: φ̂k
M j ,i ,Bi

= Mi n{ri , j ,Mi nφ̂(Ar ck
i , j )} . Capacity of (M j ,i ,Bi )k

26: end for
27: else
28: φ̂s,M j ,i

= 0

29: end if
30: end for
31: end for
32: for j = 1 to m do

33: φ̂S j ,p =
n∑

i=1
φ̂s,M j ,i

. Compute the capacity of each shelter

34: end for
35: Boost .push_r el abel_max_ f low() . Calling of push − r el abel
36: for i = 1 to n do
37: for S j ∈Hi do
38: for k = 1 to ηi , j do

39: xi , j ,k,θ =φk
M j ,i ,Bi

40: end for
41: ri , j = ri , j −φs,M j ,i
42: end for
43: end for

44: until
n∑

i=1

∑
S j ∈Hi

ri , j = 0

45: end procedure

φk
M j ,i ,Bi

the number of vehicles evacuated by path Ar ck
i , j , 1 ≤

k ≤ ηi , j and φs,M j ,i the number of vehicles evacuated from Bi

to S j at this time slot, 1 ≤ i ≤ 4,S j ∈H i .

Given the automatic construction of paths according to
the numbering of nodes, the maximum flow algorithm
(push-relabel) does not necessarily observe the priority of each
building. For example, the figure 6 shows two results for two
different numbering of nodes of the graph in figure 2. Recall
that the priorities list is {B2,B1,B4,B3}. It should be noted
that the maximum flow assigned by push-relabel in the graph
is independent of numbering of nodes.

Furthermore, constraints (lines 23, 32-34, algorithm 2)
does not completely evacuate the non-compliance to
predefined paths and destinations by push-relabel (automatic
construction of paths as described above). Figure 6-b
and table 4 show an example of non-compliance to
paths (B4 → S1) and to destinations (B3 → S1). Indeed,
push-relabel built two new paths in order to maximize the
flow : the first one {a17, a18, a19, a20, a11, a12} which allowed the

B1 : 750

B2 : 500

B3 : 300

B4 : 800

700

350

300

100
500

50

150

200
θ

a: Priority not respected

B1 : 750

B2 : 500

B3 : 300

B4 : 800

550

500

300

100
500

200

200
θ

b: Priority respected

FIGURE 6: Maximum flow approach

evacuation of 100 vehicles from B4 to S1 and the second path
{a13, a14, a19, a20, a11, a12} which formed, for 150 vehicles from
B3, the crossing path towards S1 (see table 4).

l a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 a11 a12 a13 a14 a15 a16 a17 a18 a19 a20

φ̂l 500 350 350 700 350 500 500 500 350 350 700 700 350 500 600 600 600 600 500 350

B2 →S1 150 0 0 350 350

B2 →S1 200 200 550 0

B1 →S1 300 0 0 350

B1 →S1 0 0 150 150

B4 →S1 250 250 500 500 400 250

B4 →S2 100 100 0 0

B3 →S1 100 100 200 350 250 100

B3 →S2 50 200 50 50

TABLE 4: Flow maximum approach : Assignment of flow at first
time slot (subjected to capacity constraint of safety points)

The table 5 applied to the same example, shows how the
flow may be increased of 100 units from B3 (B3 → S1)
if the constraints on the capacities of shelters (lines 32-34,
algorithme 2) are relaxed (assigned an infinite value).

l a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 a11 a12 a13 a14 a15 a16 a17 a18 a19 a20

φ̂l 500 350 350 700 350 500 500 500 350 350 700 700 350 500 600 600 600 600 500 350

B2 →S1 150 0 0 350 350

B2 →S1 200 200 550 0

B1 →S1 300 0 0 350

B1 →S1 0 0 150 150

B4 →S1 250 250 500 500 400 250

B4 →S2 100 100 0 0

B3 →S1 0 0 100 250 150 0

B3 →S2 50 200 50 50

TABLE 5: Flow maximum approach : Assignment of flow at first
time slot (capacity constraint of safety points is relaxed)

5.0.3. Maximum flow per-blocks algorithm

Having regard to the random nature of the adaptation of
push-relabel algorithm based on numbering of nodes (see
example figure 6), and in order to ensure compliance with
the evacuation priority, an other track is to maximize per
blocks the flow between buildings and safety points. This new
algorithm is here coupled with push-relabel. However, it can
be coupled with any other algorithm maximizing the flow in
the network (for example, linear program CPLEX).

We define the sub-graph G∗
θ,i = {∪ηi ′, j

k=1 / ri ′, j > 0,∀i ′ ≤
i ,∀S j ∈ H i ′ } which corresponds to the network connecting
only the building Bi and the priority buildings to their
destinations. At each step in each time slot θ, we build G∗

θ,i
tagging the capacity of the arc (s,M j ,i ) with the maximum

7



number of vehicles that may be evacuated from the eligible
building Bi to S j . As we mentioned before, this maximum
number represented in the graph (see figure 3) by φ̂s,M j ,i is

equal to the minimum value between ri , j and K̂i , j . Also the
maximum number of vehicles that may be evacuated through
Ar ck

i , j (and which is represented by φ̂k
M j ,i ,Bi

in the graph) is

equal to the minimum value between ri , j and Mi nφ̂Ar ck
i , j the

capacity of k-th path. In this approach per-blocks, it should be
noted that the value of K̂i , j is not constant as it depends on
variations of arcs capacities φ̄l (capacity which may take down
values at each time slot).

The construction of a block of buildings is based on the
principle of assigning the maximal number of vehicles from
the current building while keeping the maximal number
of vehicles assigned from all buildings previously treated
(highest priorities) (Lines 33-36, algorithm 3). This principle
allows the observation of evacuation priorities of buildings
and its violation is detected when the sum of vehicles
assigned from previous buildings and current building is
less than the sum of maximum numbers of vehicles to be
removed from these buildings (Lines 18-21, algorithm 3). In a
violation, the allocation of the maximum number of vehicles
from the current building keeping the maximal flow from
previous buildings (line 18, algorithm 3) is impossible (case
of {B1,B2,B3,B4}, figure 7). Therefore, we return to the last
successful configuration (a∗, line 19, algorithm 3) which then
becomes a closed block, namely a block consisting only of
buildings with maximal flows (see bloc {B1,B2,B3}, figure 7).

The next step is, first, to subtract the flow of closed block
({B1,B2,B3}, figure 7) from the residual capacity of arcs (line
21, algorithm 3), and, second, to assign the flow from current
building (B4, figure 7) by the greedy algorithm (lines 22-29,
algorithm 3). It should be noted that for the first closed block
of buildings, the residual capacities (φ̄) of arcs coincide with
the initial capacities (φ̂). Flow assigned from current building is
obviously equal to residual capacity of K-best paths connecting
this building to the safe point associated. The same procedure
is repeated for the following buildings in order to build a new
block(s) up to the last building in the priorities list. Therefore
an additional property is considered here for the construction
of G∗

θ,i . This latter contains only buildings present in current
block.

We repeat this construction procedure of blocks (see
figure 7) by opening a new time slot and resetting the capacities
of arcs (line 4, algorithm 3) until the evacuation of all buildings
(back = f al se, algorithm 3).

B1 B2 B3 B4 B5 B6 B7 . . . Bi . . . . . . Bn

maxi mum f low

Assi g nment al g or i thm

maxi mum f low maxi mum f low

FIGURE 7: Evacuation of buildings at a given time slot
according to the Maximum flow per-blocks approach

Algorithm 3 Maximum flow per-blocks approach (with priority)

1: procedure FIND MAXIMUM FLOW PER-BLOCKS

2: Let {B1 , . . . ,Bn } the established priority list of buildings to evacuate.
3: for i = 1 to n do
4: θ= θ+1, φ̄l = φ̂l , ∀l ∈A . Variable capacity = constant capacity
5: while i ≤ n do
6: for S j ∈Hi do
7: if ri , j > 0 then
8: if !entry then
9: i+ = i ,entr y = tr ue
10: end if
11: Q.add(S j ) . Queue

12: φ̄k
M j ,i ,Bi

= Mi n{ri , j ,Mi nφ̄Ar ck
i , j },∀k ∈ {1, . . . ,ηi , j }

13: φ̄s,M j ,i
= Mi n{ri , j ,K̂i , j } . Maximum number of vehicles

14: φ̄S j ′ ,p =
i∑

i ′=i+
φ̄s,M j ′ ,i ′ ,∀ j ′ ∈ {1, . . . ,m} . Shelters capacity

15: SUM = SUM+ φ̄s,M j ,i
16: a = Boost .push_r el abel_max_ f low()

17: FLOW =
i−1∑

i ′=i+
∑

S j ′ ∈Hi ′
φs,M j ′ ,i ′ +

∑
S j ′ ∈Q

φs,M j ′ ,i

18: if FLOW < SUM then . Priority may not be respected

19: a = a∗ . φθ
l

: flow incoming from all buildings

20: φθ
l
=φθ

l
+−→
φ l , ∀l ∈A .

−→
φ l : flow from some buildings

21: φ̄l = φ̄l −
−→
φ l , ∀l ∈A . Modify the capacity of arcs

22: for k = 1 to ηi , j do . Assignment algorithm

23: ri , j = ri , j - Minφ̄Ar ck
i , j

24: xi , j ,k,θ = Mi nφ̄Ar ck
i , j

25: for l ∈ Ar ck
i , j do

26: φθ
l
=φθ

l
+Mi nφ̄Ar ck

i , j

27: φ̄l = φ̄l −Mi nφ̄Ar ck
i , j

28: end for
29: end for
30: φ̄s,M j ′ ,i ′ = 0, ∀i ′ ∈ {i+, . . . , i −1},∀S j ′ ∈Hi ′
31: φ̄s,M j ′ ,i = 0, ∀S j ′ ∈Q . Close all opened arcs

32: entr y = f al se, SUM = 0
33: else
34: a∗ = a . Successful allocation
35: xi , j ,k,θ = φ̄k

M j ,i ,Bi
,∀k ∈ {1, . . . ,ηi , j }

36: ri , j = ri , j − φ̄s,M j ,i
. Subtract residual number

37: end if
38: if ri , j > 0 then
39: if !back then
40: i # = i ,back = tr ue
41: end if
42: end if
43: end if
44: end for
45: Q.clear () . Clear queue
46: end while
47: if back then
48: φ̄s,B j ,i ′ = 0, ∀i ′ ∈ {i+, . . . , i },∀S j ∈Hi ′ . Close all opened arcs

49: back = entr y = f al se, i = i # −1
50: end if
51: end for
52: end procedure

In summary, maximum flow per-blocks algorithm,
described above, allows to maximize the flow per-blocks
while respecting the priorities list of buildings.

Note that the maximal flow that can be evacuated from a
building at a given time slot is the minimum between residual
number of vehicles and capacity (residual capacity in this
approach) of K-best paths. Recall also that the maximum
flow by-blocs approach guarantees the evacuation priorities
of buildings by constructing blocks of maximal flows (see
figure 7). Those blocks are isolated from the view point
of assignment. In other words, at each time slot, there is
no relationship exists between the current block under
construction (bloc {B5,B6,B7, . . .}, figure 7) and the previous
blocks built by the algorithm (bloc {B1,B2,B3}, figure 7).
Therefore the maximization of flow in the current block is
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independent of the flows of previous blocks : the flows of
the previous blocks are already assigned and can not be
changed. In addition, it is independent of the allocation of
flow, carried out by the greedy heuristic, from each building
violating the property of maximal flow in previous blocks
(case of B4, figure 7). On the other hand, the assignment by
the greedy heuristic of the flow from a given building (case of
Bi , figure 7) does not depend neither on maximum flows of
closed blocks (previously constructed, blocks {B1,B2,B3} and
{B5,B6,B7, . . .}, figure 7) nor on the flows previously assigned
by the same heuristic (B4, figure 7).

Thus, the maximum flow per-blocks approach can cause
a loss of flow in the network at certain time slots, which is
illustrated in the figure 8.

p
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50/50

30/50

0/0
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20/50
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20/40
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FIGURE 8: Loss of flow using maximum flow per-blocks
algorithm ; weight on arcs : flow/capacity

Let {Bi ,1 ≤ i ≤ 4} be a set of buildings to be evacuated and
{B1,B4,B3,B2} the priority list established. In this example
the Max-Fw (maximal flow) of vehicles from B1 is assigned to
the two paths connecting B1 to the shelter associated S j , with
50 vehicles through the first path and 30 vehicles through the
second one (see figure 8 ; step 1, table 6). As for B1, Max-Fw
of vehicles from B4 is assigned to the two paths connecting it
to S j , with 50 vehicles through the first path and 20 vehicles
through the second one (see figure 8 ; step 2, table 6). For B3,
the Max-Fw of vehicles cannot be totally assigned : {B1,B4}
becomes now a closed block then the greedy algorithm is used
to assign only 20 vehicles from B3 (residual capacity of unique
path connecting B3 to S j ) (see figure 8 ; step 3, table 6).
With the same construction strategy as for the previous block,
we move to the construction of the next block with B2 for
which the Max-Fw of 20 vehicles is assigned to the first path.

We note that an additional 20 vehicles from B3 would could
have be evacuated transferring (pushing) 20 vehicles from the
first path of B4 to the second one. However the maximum
flow per-blocks approach does not allow this given the lack
of relationship between the assignment of flow from B3, that
has broken the maximal flow property in the block {B1,B4},
and the maximization of flow in this same block. Similarly, 20
additional vehicles from B2 could be evacuated shifting an
equivalent number of vehicles from the first to the second path
of B1. However, maximum flow per-blocks algorithm does not
either allow this transfer given the lack of relationship between
the blocks (see table 6).

The principle of maximum flow per-blocks approach stems
from the need to observing the priorities of buildings : as
long as the flow assigned from buildings is maximal, the
priorities are met. However, when the algorithm can not
assign the Max-Fw from a building keeping the maximal flows

φs,M j ,1
φs,M j ,2

φs,M j ,3
φs,M j ,4

φ̄s,M j ,1
φ̄s,M j ,2

φ̄s,M j ,3
φ̄s,M j ,4

{B1} 80 0 0 0 80 0 0 0

a: Step 1 ; Assignment of maximal flow from B1 to S j is
succeeded

φs,M j ,1
φs,M j ,2

φs,M j ,3
φs,M j ,4

φ̄s,M j ,1
φ̄s,M j ,2

φ̄s,M j ,3
φ̄s,M j ,4

{B1} 80 0 0 0 80 0 0 0

{B1 ,B4} 80 0 0 70 80 0 0 70

b: step 2 ; Assignment of maximal flow from B4 to S j is
succeeded

φs,M j ,1
φs,M j ,2

φs,M j ,3
φs,M j ,4

φ̄s,M j ,1
φ̄s,M j ,2

φ̄s,M j ,3
φ̄s,M j ,4

{B1} 80 0 0 0 80 0 0 0

{B1 ,B4} 80 0 0 70 80 0 0 70

{B1 ,B4 ,B3} 80 0 50 60 80 0 50 70

Bloc 1Block broken

c: Step 3 ; Assignment of maximal flow from B3 to S j is failed.
The algorithm assigns the maximal flow from B3 to S j but by
reducing the flow assigned from B4 (the value is reduced from
70 (maximal flow) to 60)

φs,M j ,1
φs,M j ,2

φs,M j ,3
φs,M j ,4

φ̄s,M j ,1
φ̄s,M j ,2

φ̄s,M j ,3
φ̄s,M j ,4

{B1} 80 0 0 0 80 0 0 0

{B1 ,B4} 80 0 0 70 80 0 0 70

{B1 ,B4 ,B3} 80 0 50 60 80 0 50 70

{B3} 80 0 20 70 80 0 20 70

Block 1Greedy algorithmBroken block

×

d: Step 4 ; Assignment of flow from B3. This flow corresponds
to residual capacity of path connecting B3 to S j after
removing from arcs the flow assigned from closed block
{B1,B4}

φs,M j ,1
φs,M j ,2

φs,M j ,3
φs,M j ,4

φ̄s,M j ,1
φ̄s,M j ,2

φ̄s,M j ,3
φ̄s,M j ,4

{B1} 80 0 0 0 80 0 0 0

{B1 ,B4} 80 0 0 70 80 0 0 70

{B1 ,B4 ,B3} 80 0 50 60 80 0 50 70

{B3} 80 0 20 70 80 0 20 70

{B2} 80 20 20 70 80 20 20 70

Block 1

Block 2

Greedy algorithmBroken block

××

e: Step 5 ; Assignment of maximal flow from B2 to S j is
succeeded. As B2 is the last building in the priorities list, then
the second block including only B2 becomes a closed block

TABLE 6: Construction of blocks by the maximum flow
per-blocks algorithm

from previous buildings (highest priorities), the priority may
no longer be met (the case of {B1,B4,B3}, see table 6).
This violation is due to an assignment made possible by the
algorithm resulting in maximal flow from the current building
but impacting the maximal flows from previous buildings.

To address the loss of flow shown above, an algorithm which
maximizes flow lexicographically has been developed. The
following section presents this algorithm.
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5.0.4. Lexicographic maximum flow

The lexicographic maximum flow algorithm is further based
on the development of a new concept : lexicographic maximal
flow (Lex-Max-Fw). Lex-Max-Fw from a building to a shelter,
at a given time slot, is defined as the maximum number of
vehicles that can be evacuated from this building without
impacting the lexicographic maximal flows from buildings
with higher priorities. It should be noted that the Lex-Max-Fw
from a building is always less than or equal to Max-Fw from
this building.

The principle of the lexicographic maximum flow algorithm
is based on the determination of the Lex-Max-Fw from
the current building. Initially equal to the Max-Fw of this
building, Lex-Max-Fw decreases in the event of impact on the
lexicographic maximal flows from previous priority buildings.
Push-relabel algorithm is called for each iteration (line 8,
algorithm 4) of each time slot (line 5, algorithme 4) with
a number of buildings increased by one unit. The greedy
algorithm becomes unnecessary in this case.

The difference with the previous approach, at each time
slot, concerns the failure of the assignment of the Lex-Max-Fw
(which is equal to the Max-Fw) from the current building while
maintaining the Lex-Max-Fw (which are equal to Max-Fw)
from previous priority buildings.

This failure in the allocation reflects the inequality between
firstly, the sum of assigned flows from previous buildings and
current building, and, secondly, the sum of their Lex-Max-Fw.
Therefore, instead of closing the current block excluding
the current building (maximum flow per-blocks algorithm),
lexicographic maximum flow algorithm computes a new value
of Lex-Max-Fw (certainly less than the Max-Fw) for the current
building. This value is the difference between firstly, the sum
of assigned flow from current building and previous buildings,
and, secondly, the sum of Lex-Max-Fw of previous buildings
(lines 19-21, algorithm 4). The same procedure described
above is applied to the next building (line 8, algorithm 4).

The table 7 and the figure 9 illustrate the operation of
lexicographic maximum flow algorithm (see figure 8 and
table 6 for comparison with maximum flow per-blocks
algorithm).

Recall that the difference between the maximum flow
per-blocks algorithm and the lexicographic maximum flow
algorithm regards the failure in the assignment of Lex-Max-Fw
(which is equal to Max-Fw) from B3 while keeping the
lexicographical maximal flows (which are equal to the maximal
flows) from previous priority buildings {B1,B4}.

At this point, push-relabel assigns 80 vehicles from B1,
60 from B4 and 50 from B3. As the total flow assigned
from {B1,B4,B3} is less than the sum of Lex-Max-Fw of
these buildings, then a new value of Lex-Max-Fw for B3 is
computed :

φ̂s,M j ,3 = (φs,M j ,1+φs,M j ,4+φs,M j ,3 )−(φ̂s,M j ,1+φ̂s,M j ,4 ) =(80+
60+50)− (80+70) = 40

The assignment at the next step of Lex-Max-Fw from B2 is
not supported by the network. The sum of flow (210) assigned
from buildings (current building and previous buildings) is
less than the sum of Lex-Max-Fw (280) of these buildings. A
new value of Lex-Max-Fw for B2 is then computed :

φ̂s,M j ,2 = (φs,M j ,1 + φs,M j ,4 + φs,M j ,3 + φs,M j ,2 ) − (φ̂s,M j ,1 +
φ̂s,M j ,4 + φ̂s,M j ,3 ) = (70+60+0+100)− (80+70+40) = 40 (see
table 7, figure 9).

φs,M j ,1
φs,M j ,2

φs,M j ,3
φs,M j ,4

φ̂s,M j ,1
φ̂s,M j ,2

φ̂s,M j ,3
φ̂s,M j ,4

{B1} 80 0 0 0 80 0 0 0

{B1 ,B4} 80 0 0 70 80 0 0 70

{B1 ,B4 ,B3} 80 0 50 60 80 0 50 70

{B1 ,B4 ,B3 ,B2} 70 100 0 60 80 100 40 70

{B1 ,B4 ,B3 ,B2} 80 40 40 70 80 30 40 70

TABLE 7: Construction of one block by the lexicographic
maximum flow algorithm
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FIGURE 9: Gain of flow using lexicographic maximum flow
algorithm, arcs weight : flow/capacity

The complexity of algorithm 4 can be found between

the estimated best case O[
n∑

i=1

i 2

n2 |N ||A |log( i
n

|N |2
|A | )] and the

exactly worst case O[n|N ||A |log( |N |2
|A | )]. In the worst case, all

buildings are considered they have the same K-best paths. By
against, the best case assumes that buildings don’t share any
arc of the network and the numbers of nodes and arcs in the
K-best paths of each building are respectively equals to |N |

n and
|A |

n . Recall that n is the number of buildings (sources), N and
A are respectively the sets of nodes and arcs in the static graph.

Given a set of n buildings to be evacuated, the lexicographic
maximum flow algorithm, as we mentioned above, calls at
each iteration the push-relabel algorithm with a number of
buildings increased by one unit. Being that the complexity of

push-relabel is of O[|N ||A |log( |N |2
|A | )], so for the worst case the

complexity is O[n|N ||A |log( |N |2
|A | )] = n · O[|N ||A |log( |N |2

|A | )].
About the best case, the complexity of push relabel is equal

to O[ i 2

n2 |N ||A |log( i
n

|N |2
|A | )] at each iteration i ∈ {1, · · · ,n}. It

should be noted that neither the best case nor the worst one
is close to be possible.

The development of the lexicographic maximum flow
algorithm integrating push-relabel has determined the
lexicographical maximum flows of buildings according to a
priority list established beforehand. In addition, the fact to
taking into account the evolving of capacities of shelters (line
14, algorithm 4), at each iteration for each time slot, results in
respect of the assignment of safety points (as destinations) to
buildings (see figure 3 and table 9 ; see table 4 for comparison).

The non-compliance with K-best paths still present because
of the difficulty of adapting the algorithm of push-relabel
by the integration of the constraint of respect of paths (see
constraint 5, section 4, page 4). Table 8 illustrates the allocation
of flow made by the lexicographic maximum flow algorithm
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Algorithm 4 Lexicographic maximum flow algorithm

1: procedure LEXICOGRAPHICAL MAXIMIZATION OF FLOW

2: Let {B1 , . . . ,Bn } the evacuation priorities list of buildings
3: ri , j = vi , j , ∀1 ≤ i ≤ n,∀S j ∈Hi

4: θ= 0, φ̄l = φ̂θl , ∀l ∈A

5: for i = 1 to n do
6: θ= θ+1, SUM = 0 ;
7: i+ = i
8: while i ≤ n do
9: for S j ∈Hi do
10: if ri , j > 0 then
11: Q.add(S j ) . Queue

12: φ̂k
M j ,i ,Bi

= Mi n{ri , j ,Mi nφ̂Ar ck
i , j },∀k ∈ {1, . . . ,ηi , j }

13: φ̂s,M j ,i
= Mi n{ri , j ,K̂i , j } . Maximal number of vehicles to evacuate

14: φ̂S j ,p =
i−1∑

i ′=i+
φ̂s,M j ,i ′ +

∑
S j ′ ∈Q

φ̂s,M j ′ ,i ,∀ j ∈ {1, . . . ,m} . Capacity

15: SUM = SUM+ φ̂s,M j ,i
16: Boost .push_r el abel_max_ f low()

17: FLOW =
i−1∑

i ′=i+
∑

S j ∈Hi ′
φs,M j ,i ′ +

∑
S j ∈Q

φs,M j ,i
. Assigned flow

18: if FLOW < SUM then . Evacuation priority may not be respected
19: SUM = SUM− φ̂s,M j ,i

20: φ̂s,M j ,i
= FLOW −SUM . Lexicographic maximal number

21: SUM = SUM+ φ̂s,M j ,i

22: if
∑

S j ∈Hi \Q
ri , j +

n∑
i ′=i+1

∑
S j ∈Hi ′

ri ′ , j = 0 then

23: Boost .push_r el abel_max_ f low()
24: end if
25: end if
26: ri , j = ri , j − φ̂s,M j ,i

. Residual number of vehicles

27: if ri , j > 0 then
28: if Not back then
29: i # = i ,back = tr ue
30: end if
31: end if
32: end if
33: end for
34: Q.clear () . Clear queue
35: end while
36: xi , j ,k,θ =φk

M j ,i ,Bi
,∀1 ≤ i ≤ n,∀S j ∈Hi ,∀k ∈ {1, . . . ,ηi , j }

37: if back then
38: φ̂s,Bi , j

= 0, ∀i ∈ {i+ , . . . ,n},∀S j ∈Hi

39: back = f al se
40: i = i # −1 . Index of first building not yet completely evacuated
41: end if
42: end for
43: end procedure

using push-relabel. This table indicates the residual capacity
of each arc at the first slot and its use by push-relabel
(construction of paths in residual graph) without considering
the K-best paths between buildings and safe points. In
addition, table 9 shows the behavior of the lexicographic
algorithm incorporating push-relabel at the same time slot (see
also figure 10).

During the evacuation of B4 towards S1, push-relabel has
built a new path {a17, a18, a19, a20, a11, a12} which allowed to
evacuate 100 vehicles. It should be noted that if the variable
capacities of shelters are not considered then the push-relabel
algorithm will build the path {a13, a14, a19, a20, a11, a12} which
allows to evacuate 200 vehicles from B3 to S1 in addition
to 100 vehicles that are evacuated from this building by
its minimal path {a13, a14, a15, a16} towards the safety point
associated S2 (see figure 4).

The assignment of flow in the network, as we have shown,
is subjected to the destinations capacities and to some
extent to the evacuation paths (strategy of construction of
sub-graph). These two elements (destinations and paths)

l a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 a11 a12 a13 a14 a15 a16 a17 a18 a19 a20

φ̂l 500 350 350 700 350 500 500 500 350 350 700 700 350 500 600 600 600 600 500 350

B2 →S1 150 0 0 350 350

B2 →S1 200 200 550 0

B1 →S1 300 0 0 350

B1 →S1 0 0 150 150

B4 →S1 250 250 500 500 400 250

B4 →S2 100 100 0 0

B3 →S2 250 400 0 0

TABLE 8: Assignment of flow by lexicographic maximum flow
algorithm at first time slot

φ̂s,M1,1 φ̂s,M1,2 φ̂s,M2,3 φ̂s,M1,4 φ̂s,M2,4

{M1,2} - 500 3 - - -

{M1,2,M1,1} 700 7 500 - - -

{M1,2,M1,1,M1,4} 550 500 - 100 3 -

{M1,2,M1,1,M1,4,M2,4} 550 500 - 100 600 7

{M1,2,M1,1,M1,4,M2,4,M2,3} 550 500 300 3 100 500

TABLE 9: Steps of lexicographic maximum flow algorithm at
first time slot

B1 : 750

B2 : 500

B3 : 300

B4 : 800

550

500

300

100
500

200

200
θ

FIGURE 10: Evacuation scheduling according to lexicographic
maximum flow algorithm

forming the basis of construction of an evacuation plan are
usually predetermined according to several important criteria
(vulnerability, capacity, transit time, etc.), and therefore they
must be respected. Otherwise the shelters capacities and
the evacuation paths are (re-)determined depending on the
assignment of flow.

6. Applications and results

The evacuation of buildings is based on a priorities list
established according to several criteria. This list, in addition to
its importance in assessing the vulnerability of the study site,
allows to plan better the management of evacuation during a
flood crisis.

The respect of priorities list is studied here on a real graph.
While the greedy heuristic, first flow assignment algorithm
presented in STOM, allows to observe the evacuation priorities,
it does not ensure the maximization of flow injected into
the network. The second approach developed to address this
latter is based on push-relabel algorithm. We have shown on
a small theoretical graph the non-compliance with priorities,
destinations and evacuation routes, by this approach. We
approach in this section the importance of compliance with
the above elements in the context of ensuring both the
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succession of evacuation time slots of each building and the
minimization of the number of these time slots.

The study site on which the model is applied and tested
is the valley of Tours 3(see figure 11 and [3]). The elaborated
evacuation network corresponds to the 3-best paths between
buildings and shelters (see [2]) and is characterized by : 13446
nodes, 22676 arcs, 9825 buildings grouped in 2753 buildings 4

and 2 safety points. The figure 11 shows this area and the
buildings to be evacuated to two shelters (ZRO 5), one in the
North and other in the South. For reasons of clarity of the
figures, we perform the tests here only on the center of this
valley : city of Tours. The graph corresponding to the this city
is characterized by : 6754 nodes, 11270 arcs, 3975 buildings
grouped in 1308 buildings and 2 shelters. The slot time unit
is equal to 15 minutes and the evacuation priorities list is
established according to several criteria (hazard level, nearby
dikes, etc.)[3].

FIGURE 11: The valley of Tours, FR 37

The figure 12 shows the parallel evacuation of the city of
Tours (France, 37) to two shelters (North and South). This
evacuation is achieved by the greedy heuristic according to a
priority list based on the distance from safe points. The size of
each point shown in the figures that follow, unless otherwise
indicated, refers to the number of evacuated vehicles from
each given building at each given time slot.

In this figure (figure 12), buildings are classified by
descending order of evacuation priority and each color
corresponds to a building. Unlike the previous figure 12, the
figure 13 shows a chaotic evacuation carried out by maximum
flow (push-relabel) approach. The representation of buildings
follows the same classification as that of figure 12. We see
clearly in figure 13 that buildings which have near priorities
may be evacuated at very different time slots.

3. France 37
4. By assigning each building to the nearest network node
5. Zone de Regroupement et d’Orientation
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FIGURE 12: Evacuation carried out by the greedy algorithm
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FIGURE 13: Evacuation carried out by the maximum flow
approach

It should be noted that the disparity in the number of time
slots (see also figure 22) rests solely with the non-compliance of
paths and destinations (compliance or non-compliance with
priorities have no influence on the maximization of flow).

Moreover, figures 14, 16, 17, 18 illustrate the importance of
the respect of priorities, destinations and routes to ensure the
succession of time slots of each building and the minimization
of number of these time slots.

In figures 14, 16, we respectively represent the continuity
and discontinuity of incoming flows from buildings with blue
and red lines. For example, if a building is evacuated at time
slots 1 and 3, then we draw a blue line between the time slots 1
and 2, another red between the 2nd and 3r d , and finally a blue
line between the third and fourth slot. Time slot unit is equal
15 minutes as previously mentioned.
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FIGURE 14: Continuity of flows from each building : greedy
heuristic

Figure 14 shows the sequence of time slots of each building
in the evacuation plan provided by greedy heuristic. This
sequence, which may not be well illustrated in Figure 12 due
to the density of information (some buildings appear to be

12



evacuated in several non-consecutive time slots), is shown in
figure 15. In this latter, buildings evacuated to the safe point in
the north are presented first, then those that are evacuated to
the south.

0 100 200 300 400 500 600 700 800 900 1,000 1,100 1,200 1,300 1,400
0

5

10

15

20

Evacuated building

T
im

e
sl

o
t

FIGURE 15: Parallel evacuation of buildings to shelters : greedy
algorithm

In contrast, the sequence of evacuation time slots
of each building is not guaranteed by the maximum
flow (push-relabel) approach. Figure 16 illustrates this
discontinuity showing non-consecutive evacuation of several
buildings.
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FIGURE 16: Discontinuity of flow from the majority of
buildings : maximum flow approach

On the other hand, the disparity in the number of evacuation
slots of each building is seen in the results of the greedy
heuristic and the maximum flow (push-relabel) approach. the
two figures 17 et 18 illustrate this disparity.
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FIGURE 17: Number of time slots during which each building is
evacuated : greedy algorithm
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FIGURE 18: Number of time slots during which each building is
evacuated : maximum flow approach

To ensure compliance with priorities and destinations,
a lexicographic maximum flow algorithm coupled with
push-relabel algorithm was developed (see section 5.0.4).
However escape routes are not always respected as shown
theoretically. This problem leads to the discontinuity of
time slots of some buildings (see figure 20). Therefore
respect of priorities, destinations and paths are necessary
complementary elements to ensure the succession of time
slots of all buildings (see [4]). Conversely, the minimum
number of time slots of each building can be provided by the
lexicographic maximum flow algorithm as shown in figure 21.

It should be recalled that compliance with paths
automatically leads to the compliance with destination
but the reverse is not necessarily true.
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FIGURE 19: Evacuation carried out by the lexicographic
maximum flow algorithm
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FIGURE 20: Semi-continuity : lexicographic maximum flow
algorithm
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FIGURE 21: Evacuation time slots number of each building :
lexicographic maximum flow algorithm

The last figure 22 compares the number of vehicles
evacuated by time slots according to the approaches
developed : maximum flow approach, lexicographic maximum
flow algorithm and greedy heuristic.
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FIGURE 22: Comparison of the number of vehicles evacuated
per slots between the different approachs developped

Conclusion

In this paper we have presented a novel polynomial
algorithm for the lexicographic maximum dynamic flow
problem with several sources applied to evacuation planning.
Several approaches were developed and compared here. We
have shown in a real graph the importance of compliance with
the evacuation priority, the destinations and the evacuation
paths in order to minimize the evacuation time slots of each
building and to ensure the succession of these slots.
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